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We give a simple proof for an important result of Edmonds, Lovéasz and Pulleyblank,
stating that a brick has no non-trivial tight cuts. Our proof relies on some results on
almost critical graphs. The introduction of these graphs is the second aim of the present

paper.

1. Introduction

In this paper we introduce almost critical graphs, graphs having a critical
making edge, that is an edge whose contraction leaves a factor-critical graph.
We shall characterize the subgraph induced by the critical making edges.
Using this characterization we present a new proof of the Tight Cut Lemma
of Edmonds, Lovasz and Pulleyblank. We shall apply some earlier results in
matching theory, they will be given together with short proofs.

Edmonds, Lovdsz and Pulleyblank [1] determined the dimension of the
perfect matching polytope of an arbitrary graph. They used the so-called
brick decomposition and the most complicated part was to show that the
result is true for bricks. In this case the problem is equivalent to saying
that no brick contains a non-trivial tight cut. This is the Tight Cut Lemma.
Their proof for this lemma contains some linear programming arguments, the
description of the perfect matching polytope, the uncrossing technique and
some graph theoretic arguments. Here we provide a purely graph theoretic
proof.
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The organization of the paper is as follows. In Section 2 some easy (well-
known) claims are presented. In Section 3 we recall two results on elementary
graphs. The first one is due to Lovdsz and Plummer [4] and it easily follows
from Tutte’s Theorem, while the second one follows from earlier results on
ear-decompositions. We do not want to use ear-decompositions in this paper,
thus a short proof is given for Claim 6. In Section 4 we generalize a result
of Lovész [3] and an earlier result of the author [6] concerning factor-critical
graphs. In Section 5 we recall some results on strong subgraphs due to Frank
[2]. The results of Section 6 can be found either in Frank [2] or in Szigeti
[5]. We shall prove each result in this section to emphasize their simplicity.
The main result here is the characterization of the subgraph defined by the
critical making edges of an almost critical graph. Section 7 contains a new
lemma on bricks, which will be used in Section 8 to prove the Tight Cut
Lemma. (We mention that the first ten claims in the paper are known.)

2. Preliminaries

A set M of edges is called a matching if no two edges in M have a common
end vertex. A matching M of a graph G is perfect if M covers all the vertices
of G. An edge of a graph G is allowed if it lies in some perfect matching
of G. If G has a perfect matching then N(G) denotes the subgraph of G
induced by the allowed edges of G. For a subgraph F' of G and a matching
M of G, the subset of M contained in F' is denoted by M (F'). A matching is
called near perfect if it covers all but one vertices of G. A graph G is factor-
critical if for each vertex v of GG, the graph G —wv has a perfect matching.
Note that the addition of some new edges to a factor-critical graph results
in a factor-critical graph.

For a subset S of vertices, 0(S) denotes the set of edges leaving S. 4(.5)
is a cut. Note that if M is a perfect matching of G then

(1) 0(S) N M| =5[] (2).

A connected component H of a graph G is called odd (even) if |V (H)]| is
odd (even). For X CV(G), ¢,(G—X) denotes the number of odd components
in G — X. The vertex set of the union of the even components of G — X is
denoted by Cx. We shall use frequently Tutte’s Theorem [8] on the existence
of perfect matchings.

Theorem 1. A graph G has a perfect matching if and only if
(2) co(G— X) < |X| for all X CV(G).
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Let G be a graph with a perfect matching. A vertex set X is called a
barrier if ¢,(G—X)=|X|.

The vertex set of a graph G will be denoted by V(G). The degree of a
vertex v is denoted by d(v). For a set SCV(G), S=V(G)—S, G[S] denotes
the subgraph of G induced by the vertex set S. The graph obtained by
contracting a subgraph H of G will be denoted by G/H. The new vertex of
G — H will be denoted by vg. This notation will be used frequently without
any reference.

A graph G is called 2-connected if |V (G)| >3 and for every vertex v of G,
G —v is connected. If G is not 2-connected, then the maximal 2-connected
subgraphs are called blocks of G. A graph G is called 3-connected if |V (G)| >4
and for every subset X of vertices of G with | X| <2, G— X is connected.

The following claim easily follows from Theorem 1.

Claim 2. Let v be a vertex of a graph G so that G —v has no perfect
matching and G has an odd number of vertices.

(2.1) Then there exists a vertex set X containing v such that c,(G—X)> | X|
and all the components of G — X are factor-critical.
(2.2) Moreover, if there exists a vertex u so that G—u has a perfect matching

then u lies in one of the factor-critical components of G — X and ¢,(G —
X)=|X|+1. 1

Claim 3. Let G be a graph with a perfect matching and let X be a barrier
in G.

(3.1) G[Cx] has a perfect matching.

(3.2) The connected components of N(G —Cx) are connected components
of N(G).

Proof. Since each perfect mathing M of G matches the vertices in X to the
odd components of G—X, the restrictions of M in G[Cx] and in G—Cx are
perfect matchings of G[Cx] and G —Cx. This implies (3.1) and (3.2). |

Claim 4. If for an edge e of G the graph G/e is factor-critical, then e is
allowed in G.

Proof. G/e is factor—critical, so (G/e)—v, has a perfect matching M’. Then
M :=M'Ue is a perfect matching of GG, that is e is an allowed edge of G. |
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3. Elementary graphs

A connected graph G is matching covered if each edge of G is allowed. A
graph G with a perfect matching is called elementary if the allowed edges
form a connected subgraph. (Each matching-covered graph is elementary.)
The following characterization of elementary graphs is obvious by Tutte’s
theorem, see [4].

Claim 5. Let G be a graph with a perfect matching. Then G is elemen-
tary if and only if for each non-empty barrier X of G, G— X has no even
component. [ |

Claim 6. If G is elementary then for each allowed edge e of G, G/e is
factor-critical.

Proof. Suppose that G/e is not factor-critical for an allowed edge e of G.
Then, by Claim (2.1), there exists a set X #() so that ¢,((G/e)—X)>|X|+1.
Since e is allowed in G, (G/e) — v, has a perfect matching. Thus, by Claim
(2.2), v, lies in one of the odd components of (G/e) — X (say in K) and
¢o((G/e)—X)=|X[+1. This component K corresponds to an even component
of G — X, thus, by the above equality, ¢,(G — X) =|X| and hence X is a
barrier of G. Then, by Claim 5, G is not elementary. This contradiction
proves the claim. |

4. Factor-critical graphs

We shall need the following claim due to Lovész [3].

Claim 7. Let H be a subgraph of a graph G. If H and G/H are factor-
critical, then G is factor-critical. ]

Lemma 1.5 in [6] is similar to Claim 7 and it was proved there using
ear-decompositions. Here we present a common generalization of Lemma
1.5 in [6] and Claim 7 that will be applied later. For a partition V;,Vs of
the vertex set of a graph G, we shall denote by G; the graph obtained from
G by deleting all the edges with both ends in V; and identifying all the
vertices of V; (i=1,2). The contracted vertices will be denoted by v; and v9
respectively.

Lemma 8. Let G=(V,FE) be a graph and let V1,V, be a partition of V. If

(i) Gy is factor—critical,
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(ii) for each edge e incident to vy, Ga/e is factor-critical, and
(iii) G[Va] is connected,

then G is factor—critical.

Proof. We have to show that for each vertex v€V(G), G—v has a perfect
matching.

a.) First assume that v € V5. Since G is factor-critical by (i), G; — v has
a perfect matching M. Let e be the edge of M7 incident to v;. This edge
corresponds to an edge incident to vy in G2 (also denoted by e). Then e is
allowed in G by (ii) and Claim 4 so there exists a perfect matching My of
G2 containing e. Obviously, M1 U M5 is a perfect matching of G —v.

b.) Secondly, assume that v € V. Note that |V(G)] is odd by a.). Suppose
that G —v has no perfect matching. Then, by Claim 2, there exists a vertex
set X containing v so that ¢,(G — X) > | X]|. Since for each vertex u of V5,
G —u has a perfect matching by a.), Claim (2.2) implies that all the vertices
of V5 lie in the odd components of G—X, and ¢,(G—X)=|X|+1. Moreover,
since G[V3] is connected by (7ii), all the vertices of V3 lie in one of the odd
components of G—X. Let us denote this component of G—X by T. Then the
contraction of the vertex set V5 changes neither X nor the odd components
of G— X different from T and, since |V5| is even by (i), T becomes an even
component of Go — X. That is ¢,(Ga— X)=c¢,(G—X)—1=|X|. Let e be an
edge of Gy incident to ve. Then cy((Ga/e) — X) =co(Go— X)+1=|X|+1,
that is, by Tutte’s Theorem, (G2/e)—v contains no perfect matching (recall
that ve X), a contradiction, since Go /e is factor-critical by (i7). |

The reader can easily verify that Lemma 8 generalizes Claim 7. By
Claim 6, it also generalizes Lemma 1.5 in [6].

5. Strong subgraphs

Let H be a graph with a perfect matching. A non-empty barrier X of H is
said to be a strong barrier if H—X has no even components, each of the odd
components is factor—critical and the bipartite graph Hx obtained from H
by deleting the edges spanned by X and by contracting each factor—critical
component to a single vertex is matching covered. If H has a strong barrier
then H is called half-elementary. Let G=(V, E) be a graph and assume that
the subgraph H of G induced by U CV is half-elementary with a strong
barrier X. Then H is said to be a strong subgraph of G with strong barrier
X if X separates U— X from V—-U orif U=V.



580 ZOLTAN SZIGETI

Claim 9. Let G be a connected graph. Suppose that G — X has at least
| X| factor—critical components for a non-empty vertex set X. Then there
exists a strong subgraph H of G with strong barrier Y C X such that all the
factor—critical components of H—Y are components of G— X as well.

Proof. Let us choose |X| factor—critical components of G — X, say
Ki,...,K|x|, and let H := G XUV (K;)U...UV(K|x)]. One of the color
classes of the bipartite graph H is X while the other one corresponds to the
components K7s. This class will be denoted by Z. Note that Iy, (Z)|=|Z|
because G is connected, where I'y; (Z ) denotes the set of neighbors of Z in
the bipartite graph H’. Let W be a minimal non-empty set of Z so that
|l (W)|=|W[ in H. Let Y := Iy, (W). Then, by the minimality of W,
for all § # A C W, [I'y, (A)| > [A|+1. By a characterization of matching
covered bipartite graphs (see [4]), the bipartite graph with color classes W
and Y is matching covered. Thus the subgraph of G defined by Y and the
factor-critical components of G — X corresponding to the vertices in W is
the desired strong subgraph. ]

Claim 10. Let u be a vertex of a non factor-critical graph G so that G—u
has a perfect matching. Then there exists a strong subgraph H in G so that
H does not contain u.

Proof. By Claim (2.1), there exists a vertex set X such that ¢,(G—X)>|X]|
and all the components of G — X are factor-critical. G —u has a perfect
matching, thus, by Claim (2.2), u lies in one of the factor-critical components
of G— X, say in K. Let G':=G—V(K). Then ¢,(G' — X) > |X| and all of
these components of G'—X are factor-critical. Thus, by Claim 9, G’ contains
a strong subgraph H with strong barrier Y C X such that all the factor—
critical components of H —Y are components of G — X. Note that H does
not contain u. Since all the neighbors of K are in X, H is a strong subgraph
in GG, and the claim is proved. ]

We shall need the following result of Frank [2].

Claim 11. A connected graph G has a strong subgraph if and only if G is
not factor-critical.

Proof. If G contains a strong subgraph with strong barrier X, then for
a vertex € X, G —x has no perfect matching (X — x violates the Tutte
condition) thus G is not factor-critical.

On the other hand, suppose that G is not factor-critical. If G has an
odd number of vertices, then by Claim (2.1) and Claim 9, we are done. If
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G has an even number of vertices and v is a vertex of GG, then either G —v
is factor-critical and then G itself is a strong subgraph with strong barrier
v, or G—wv is not factor-critical and then, by Claim (2.1), G —v contains a
set X' so that ¢,((G—v)—X")>|X’| and all components of (G—v)— X" are
factor-critical, and then, by Claim 9 applied for G and X = X' Uwv, we are
done. |

6. Almost critical graphs

We say that G is almost critical if it contains an edge whose contraction
leaves a factor-critical graph. We call such an edge critical making. Note
that, by Claim 6, matching-covered graphs (and consequently elementary
graphs) are almost critical. If G is almost critical, then B(G) denotes the
subgraph of G induced by the critical making edges of G. (The isolated
vertices are deleted.)

The following two claims are due to Frank [2].

Claim 12. Let H be a strong subgraph with strong barrier X in a graph G.

(12.1) Ife is an edge of H leaving X, then e is critical making in H. Whence,
H is almost critical.

(12.2) If G is almost critical, then G[X UCx]| contains no critical making
edge of G. Whence, H contains all critical making edges of G.

Proof. Hx is matching-covered by definition, thus, by Claim 6, Hx /e is
factor-critical. Using Claim 7, | X | times, we can “blow up” the factor-critical
components of H — X, one by one, showing that H/e is factor-critical, that
is e is a critical making edge of H.

To show (12.2) assume that f is an edge in G[X UCx]. Let us denote
by X’ the vertex set in G':=G/f corresponding to X. Then G’ — X’ has at
least | X| > |X’| factor-critical components. Since G is almost critical, it is
connected, so G’ is connected. By Claim 9, G’ has a strong subgraph, thus
by Claim 11, G'=G/f is not factor-critical, that is f is not critical making
in GG, which was to be proved. ]

Claim 13. The following are equivalent.

(a) G is almost critical,
(b) G has a perfect matching and there exist no two vertex disjoint strong
subgraphs in G,
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(¢) G has a strong subgraph and G/H is factor-critical for each strong
subgraph H of G.

Proof. (a) implies (b): G is almost critical, that is it contains a critical
making edge e. By Claim 4, e is allowed in G so G has a perfect matching.
By Claim (12.2), e is contained in each strong subgraph, and we are done.

(b) implies (c): G has a perfect matching so G has a strong subgraph by
Claim 11.

Let H be a strong subgraph of G with strong barrier X. Let G':=G/H.
Suppose that G’ is not factor-critical. G has a perfect matching by (b) so X
is a barrier of G. By Claim (3.1), G[Cx] has a perfect matching M. Then
M is a perfect matching of G’ — vy, and hence, by Claim 10, G’ contains
a strong subgraph H’ so that H’ does not contain vgy. Since H’ is also a
strong subgraph in G, H and H' contradict (b).

(c) implies (a): G has a strong subgraph H by (c). Let e be an edge
of H leaving the strong barrier X of H. By Claim (12.1), H/e is factor-
critical. (G/e)/(H/e) = G/H thus (G/e)/(H/e) is factor-critical. Whence,
by Claim 7, G /e is factor-critical, that is G is almost critical. ]

In the following lemma we generalize Claim (12.1).

Lemma 14. Let G be an almost critical graph. Let H be a strong subgraph
of G with strong barrier X. Let Fy,Fy,...,F x| be the factor—critical com-
ponents of H—X. Let I :=G/(G—V(F1)) and let v:=vg_y (p,). Then, for
an edge e€ E(FY), the following are equivalent:

(a) e is a critical making edge of FY,
(b) e is a critical making edge of H,
(c) e is a critical making edge of G.

Proof. (a) implies (b): We may suppose that e not incident to vg,, oth-
erwise, by Claim (12.1), we are done. Let us define the following sequence
of graphs. Let Hy := H and let H; := H;_1/F; (2<1i<|X]|). Let H be
the graph obtained from H x /e by deleting the edges spanned by X. Let
Vo:=V(F}/e)—vp, ,V1:=V (H")—Va5. Then H|:=H'/H'[V}]=F} /e is factor-
critical by assumption, H):= H'/H'[Va] = Hx is a matching covered bipartite
graph because H is a strong subgraph, and obviously H'[V3] is connected.
Thus, by Claim 6 and Lemma 8, H' is factor-critical. It follows that Hx|/e
is factor-critical. By Claim 7, applied for H;/e and Fj, i=|X|,|X|—1,...,2,
step by step, it follows that H/e= H; /e is factor-critical. Thus e is a critical
making edge of H.
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(b) implies (c): By assumption H/e is factor-critical. By Claim 13/(c),
(G/e)/(H/e) =G/H is also factor-critical. Thus, by Claim 7, G//e is factor-
critical, that is e is critical making in G.

(c) implies (a): By assumption G/e is factor—critical. Since H is a strong
subgraph of G with strong barrier X, for every vertex ue XU(V (F} /e)—v.),
the restrictions of the perfect matchings of G/e—u on Fy/e are near—perfect
matchings of FY/e. This implies that F*/e is factor—critical, that is the edge
e is a critical making edge in FY'. ]

The main result of this section is Theorem 15. It characterizes the sub-
graph B(G) defined by the critical making edges of an almost critical graph
G.

Theorem 15. Let G be an almost critical graph. Then
(15.1) B(G) coincides with one of the connected components of N(G).
(15.2) V(B(G))=N{V(H):H is a strong subgraph in G} .

Proof. We prove Theorem (15.1) by induction on the number of vertices.
By Claim 4, GG has a perfect matching. First assume that, for each barrier
X, G— X contains no even component. Then, by Claim 5, G is elementary.
Thus N(G) is connected and, by Claim 6 and Claim 4, E(B(G))=E(N(G))
so we are done. Secondly, assume that there exists a barrier X for which
G — X contains an even component. Then, by Claim 9, there exists a strong
subgraph H with strong barrier Y C X and clearly |V(H)| < |[V(G)|. By
Claim (12.2) and Lemma 14, an edge of G is critical making in G if and
only if it is critical making in H. Using the induction hypothesis for H (H
is almost critical by Claim (12.1)) and Claim (3.2), Theorem (15.1) follows.

Let us denote by U the vertex set on the right hand side in Theorem
(15.2). By Claim (12.2), V(B(G)) CU. To show the other direction let v e U.
By Claim 4, G has a perfect matching M. Let e be an edge of M incident
to v. Let G':=G/e. Then G' — v, has a perfect matching, namely M —e. If
G’ was not factor-critical, then by Claim 10, G’ contains a strong subgraph
H so that H does not contain v.. It follows that H is a strong subgraph of
G not containing v, which is a contradiction since v € U. Thus G’ is factor-
critical, that is e is a critical making edge of G, thus v € V(B(G)), and we
are done. |

Theorem (15.1) implies immediately the following claim.

Claim 16. Let G be an almost critical graph. Let u,v € V(B(G)) and let
T C V(G) so that u € T and v ¢ T. Then 6(T) contains an allowed edge
of G. |
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Claim 17. Let G be an almost critical graph. Let T C V(G) so that G[T]
is connected and TNV (B(G))=0. Then there exists a strong subgraph H
such that TNV (H)=0.

Proof. Let v € T' be an arbitrary vertex of T. Since, by assumption, v ¢
V(B(G)), it follows by Theorem (15.2) that there exists a strong subgraph
H with strong barrier X so that v ¢ V(H), that is v belongs to an even
component C' of G—X. By Claim (12.1) and Lemma 14, X CV(B(G)), thus
X NT=(. Since G[T] is connected, T CC. |

For more details about almost critical graphs see [7].

7. A lemma on bricks

A connected graph G is called bicritical if for each pair of vertices u and v
of G the graph G —u— v has a perfect matching. A brick is a 3-connected
bicritical graph. Note that

(3) every bicritical graph is matching covered.

We shall use the following well-known characterization of bicritical graphs,
see Lovasz, Plummer [4].

Claim 18. Let G be a graph with a perfect matching. Then G is bicritical
if and only if G contains no barrier of size at least two. ]

Lemma 19. Let v be an arbitrary vertex of a brick G. Let ¢;=vu; 1<i<k
be 1<k <d(v)—2 edges incident to v. Let G':=G—e; —...—eg. Then
(19.1) G’ is almost critical.

(19.2) ve V(B(G")).

(19.3) For some 1<i<k,u; €V (B(G")).

Proof. G —wv is factor-critical because G is bicritical. It follows that each
edge of G’ incident to v is critical making. Thus G’ is almost critical and
veV(B(G)).

We prove (19.3) by induction on k. If £ =1, then we may change the role
of v and wq, and the statement follows from (19.2). Suppose (19.3) is true
for each 1</ <k—1 but not for k. By (19.1) and Theorem (15.2), it follows
that there exists a strong subgraph H of G’ with strong barrier X so that
u, belongs to an even component C' of G' — X.

Claim 20. v is in an odd component F; of G'— X and | X|#1.
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Proof. If ve X, then X is a barrier in G, so, by Claim 18, X =v and, since
G is 3-connected, there is no even component of G — X, a contradiction. If
v was in an even component of G’ — X, then X Uv would be a barrier in G’,
and also in G which contradicts Claim 18. Thus v is in an odd component

of G’ — X.

If | X|=1, then v has a neighbor in Fj thus |V (F})| > 3. It follows that
G — (X Uw) has at least two connected components (C' and F; —v). This is
a contradiction because |X Uv|=2 and G is 3-connected. |

Claim 21. Let R:={u;:u, € V(H)—X —V(F1)} and let T be the union of
those connected components of N(G') which contain the vertices in R. Then
(21.1) 1<|R|<k—-1.

(21.2) TNV (B(G"))=0.

(21.3) TCV(H)- X -V (F).

Proof. There exists 1 <j <k —1 so that u; belongs to an odd component
of H— X different from Fi, because by Claim 20 and Claim 18, X is not a
barrier in G. Since u € C, |R|<k—1, and (21.1) is proved.

By Theorem (15.1), B(G’) is equal to one of the connected components
of N(G"), say K. By assumption, RNV (B(G")) =10, so the connected com-
ponents of N(G') containing the vertices of R are different from K thus
TNV(B(G'))=0 and (21.2) is proved.

(21.3) follows from the facts that each connected component of 7' contains
a vertex in V(H)— X —V(F}) (some u;), TNX ={ (since, by (21.2), TN
V(B(G"))=0 and, by Claim (12.1) and Lemma 14, X CV(B(G"))), and X
is a cutset in G'. ]

Let G":=G—{e;:u; € R}. Using (21.1), the induction hypothesis implies
that there exists u; € R so that u; € V(B(G")).

Claim 22. There exists an allowed edge of G’ leaving T.

Proof. By Lemma (19.1), G” is almost critical. By Claim 20, ve V(F}) and,
by Claim (21.3), TNV (F1)=0 so v¢ T. By Lemma (19.3), ve V(B(G")). By
assumption, u; € TNV (B(G")). Then, by Claim 16, there exists an allowed
edge f=st of G” so that t€T,s¢T. Let M; be a perfect matching of G”
which contains f.

To prove the claim we show that f is an allowed edge of G’. There exists
an odd component F* # F; of G' — X which contains ¢ by Claim (21.3).
By adding some edges to G’ between F; and some even components of
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G’ — X, the odd components of G’ — X different from F; do not change.
Consequently, X is a barrier in G” and F* is an odd component of G" — X.
Thus there exists exactly one edge g of My leaving F* in G”. Since g is not
incident to v, g € E(G’). By Claim (12.1), g is critical making in H so, by
Lemma 14, g is critical making in G’ and hence, by Theorem (15.1), g is
an allowed edge in G’. Let My be a perfect matching of G’ containing g.
Then g is the only edge of M, leaving F* because X is a barrier in G'. Thus
My (F*)UMs(G'—=V(F*))Ug is a perfect matching of G’ containing f. 1

Claim 22 gives a contradiction because, by the definition of T, there is
no allowed edge leaving T in G'. ]

8. The tight cut lemma

For a subset S of vertices, §(5) denotes the set of edges leaving S. §(5) is
a cut, and a cut 6(5) is called odd if |S| is odd. An odd cut §(S) is trivial
if |S| =1 or |S| =1, otherwise non-trivial. An odd cut is called tight if it
contains exactly one edge of each perfect matching. For an odd cut §(S),
a perfect matching M is called S-fat if [6(S) N M| > 1. Note that, by (1),
|0(S)NM|>3.

The aim of this section is to present a simple proof for the so-called tight
cut lemma of Edmonds, Lovéasz, Pulleyblank [1].

Theorem 23. Let §(S) be a non-trivial odd cut in a brick G. Then there
exists an S-fat perfect matching in GG. In other words, a brick does not
contain non-trivial tight cuts.

Proof. Suppose there exists a non-trivial tight cut §(.5).

Claim 24. G[S] (G[S]) is connected.

Proof. Suppose not, and let 51,52 be a partition of S so that there is no
edge between S; and Se. We may suppose that |S1| is even. Let e € 6(S1).
(Such an edge exists because G is connected.) By (3), there exists a perfect
matching M of G containing e. M is a perfect matching and |Ss| is odd so
there exists an edge f € §(S2) N M. Since 6(S1)Nd(S2) =0, e, f€d(S)NM,
thus M is S-fat and we are done. |

Let us chose S so that §(5) is a non-trivial tight cut and |S| is minimal.

Two cases will be distinguished. Either there exists a vertex v € V(G) so
that |6(v)NJ(S)|>2 (Case 1.) or for each edge uv with ue€ S,v€ S we have
d(v)No(S)=uv=25(u)Ndé(S) (Case 2). In the first case we will not use the
minimality of S thus we may suppose that veE S.
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Case 1. Since G[S] is connected by Claim 24, v has at least one neighbor
in S. Let us denote the neighbors of v in S by e; =vu,...,e; =vuy. Then
by assumption, 1 <k <d(v)—2. Let G =G —e1 —...—e;. Let T:=SUw.
By Lemma (19.1), G’ is almost critical; by Lemma (19.2), v€ V(B(G")); by
Lemma (19.3) for some neighbor u; of v, u; € V(B(G")); thus, by Claim 16,
d(T) contains an allowed edge f of G'. Then there exists a perfect matching
M of G’ containing f. Since v has no neighbor in S in G’, M matches v to
a vertex in S. Hence M is an S-fat perfect matching in G and we are done.

Case 2. The following claim is the only place where we need the minimality
of S.

Claim 25. G[S —u] is connected for each edge uv with u€ S,v€S.

Proof. Suppose not, that is there exists an edge uv with € S,v€ S and a
partition of S —u into two sets S;#(# Sy so that there is no edge between
S1 and S5.

First suppose that |S;| and |S2| are odd. By (3), there exists a perfect
matching M of G containing uv. M is a perfect matching and |S7| is odd so
there exists an edge f € d§(S1)NM. Since §(S1)Nd(S2) =0, e, f€d(S)NM,
thus M is S-fat and we are done.

Now suppose that |S1| and |S3| are even. Then S’:=S;Uu is a non-trivial
odd cut and |S’| <|S|. Then, by the minimality of S, there exists an S’-fat
perfect matching M of G. Since |§(S")NM|>3 and there is no edge between
Sy and So, [0(S)NM|>2 so M is S-fat and we are done. |

Claim 26. G[S—v] is connected for some edge uv with u€ S,v e S.

Proof. Let us consider the blocks of G[S]. If it has only one block, then
G[S—v] is connected for each vertex v € S. If it has more blocks, then, because
of the tree structure of the blocks, there exists a block B that contains only
one cut vertex. G contains no cut vertex so there exists a vertex v € B so
that v has a neighbor u in S and B—wv is connected. In both cases the lemma
is proved. |

By Claim 26, by Claim 25 and since we are in Case 2, there exists an
edge uv so that u € S,v € S, v has only one neighbor in S (namely u) and
u has only one neighbor in S (namely v), and G[S —u] and G[S —v] are
connected. From now on, the minimality of S will not be used, that is S and
S play the same role.

Let G” :=G—u—v. Then, since G"[S—u] = G[S—u] and G”[S—v] =G[S—v],

we have
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Claim 27. G"[S—u] (G"[S—v]) is connected. 1

Claim 28. G” has a perfect matching but there exists no allowed edge of
G" between S —u and S —wv.

Proof. By (3) there exists a perfect matching M of G containing uv and
then M —uw is a perfect matching of G”.

If there was an allowed edge f of G” between S —u and S —wv, then for a
perfect matching M” of G” containing f, M"” Uuv would be an S-fat perfect
matching of G, contradiction. ]

Claim 29. For each strong subgraph H of G", (S —u)NV(H) # () and
(S—v)NV(H)#D.
Proof. Let H be an arbitrary strong subgraph of G” with non-empty strong

barrier X. If say (S—u)NV(H)=0, then X Uv is a barrier of G because all
neighbors of u are in SUwv. Since | X Uv|>2 this contradicts Claim 18. 1

Claim 30. For each strong subgraph H of G"” with strong barrier X, either
XCS—uor XCS—w.

Proof. By Claim (12.1), H is almost critical and X C V(B(H)), so, by
Theorem (15.1), X belongs to a connected component of N (H ). By Claim 28,
G” has a perfect matching thus, by Claim (3.2), X belongs to a connected
component of N(G”). Then, by Claim 28, X is disjoint either from (S —u)
or from S —wv, which was to be proved. |

Claim 31. G” is almost critical.

Proof. By Claim 28, G” has a perfect matching. If G” is not almost critical,
then, by Claim 13, there exist two disjoint strong subgraphs H; and Hs
in G” with strong barriers X; and X5. By Claim 30, we may suppose that
X1 C S—v. By Claim 29, (S—u)NV (H;)#0, thus by Claim 27, S—uC V (Hy).
Hence (S —u)NV(Hy)=0, contradicting Claim 29. 1

Claim 32. (S—u)NV(B(G"))#0 and (S—v)NV (B(G"))#0.

Proof. By Claim 31, G” is almost critical and, by Claim 27, G"[S —u] is
connected. If (S —u)NV(B(G")) =0, then, by Claim 17 with T'= S — u,
there exists a strong subgraph of G disjoint from S —u. This contradicts
Claim 29. |

By Claim 31, G” is almost critical. Let T := S —u. By Claim 32, T'N
V(B(G"))#0 and V(B(G"))—T # 0. Then, by Claim 16, there exists an
allowed edge f of G” between S —u and S —wv. This contradicts Claim 28. i
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